We calculate one-loop renormalization factors of bilinear quark operators for gluon action including six-link loops and O(a)-improved quark action in the limit of massless quark. We find that finite parts of one-loop coefficients of renormalization factors diminish monotonically as either of the coefficients c 1 or c 2 + c 3 of the six-link terms are decreased below zero. Detailed numerical results are given, for general values of the clover coefficient, for the tree-level improved gluon action in the Symanzik approach (c 1 = −1/12, c 2 = c 3 = 0) and for the choices suggested by Wilson (c 1 = −0.252, c 2 = 0, c 3 = −0.17) and by Iwasaki (c 1 = −0.331, c 2 = c 3 = 0 and c 1 = −0.27, c 2 + c 3 = −0.04) from renormalization-group analyses. Compared with the case of the standard plaquette gluon action, finite parts of one-loop coefficients are reduced by 10-20% for the Symanzik action, and approximately by a factor two for the renormalization-group improved gluon actions.
I. INTRODUCTION
Lattice QCD calculations of hadron matrix elements require values of renormalization factors which relate operators on the lattice to those in the continuum. For the standard plaquette gluon action, perturbative calculation of renormalization factors for massless quark has been carried out to one-loop order for bilinear and four-quark operators, both for the Wilson quark action [1] [2] [3] [4] [5] [6] and for the O(a)-improved "clover" action [7] [8] [9] [10] [11] [12] originally suggested by Sheikholeslami and Wohlert [13, 14] . With developments of our full QCD simulations [15] employing an improved gluon action [16] , we find it necessary to extend these calculations. In this article we report results for renormalization factors of bilinear quark operators at the one-loop level for the gluon action improved by addition of six link loops to the plaquette term. For the quark action we treat both the Wilson and O(a)-improved actions, taking the limit of massless quark. We evaluate numerical values of the one-loop coefficients of renormalization factors for the case of tree-level improved action in the Symanzik approach [17, 18] , and for several cases of renormalization-group improved actions [16, 19] . We also examine how the one-loop coefficients vary for general values of the coefficients of the six-link loop terms.
In Sec. II we write down the action we treat and the Feynman rule to fix our conventions. The structure of renormalization factors related to fermion self-energy is discussed in Sec. III, and that for bilinear quark operators in Sec. VI. Numerical results for one-loop coefficients are given in Sec. V. Since the procedure of calculation is by now standard, we shall be brief on this point. Expressions for one-loop integrands are listed in Appendix A. In Appendix B we collect one-loop results for the relation between the renormalized and bare coupling constants for various choices of gluon and quark actions.
II. ACTION AND FEYNMAN RULE
The gluon action we consider is defined by 
where the first term represents the standard plaquette term, and the remaining terms are six-link loops formed by a 1 × 2 rectangle, a bent 1 × 2 rectangle (chair) and a 3-dimensional parallelogram. The coefficients c 0 , · · · , c 3 satisfy the normalization condition
For the quark action we consider
where S W is the Wilson action given by
with a the lattice spacing, and S C represents the "clover" term defined by
For the field strength P µν we adopt the definition given by
Our γ matrix convention is as follows:
Weak-coupling perturbation theory is developed by writing
We adopt a covariant gauge fixing with a gauge parameter α defined by
where ∇ µ f n ≡ (f n+μ − f n )/a. The free part of the gluon action takes the form
where
and q µν is defined as
The gluon propagator can be written as
where A µν is a function of q µν andk µ whose form we refer to the original literatures [16, 17] . The free quark propagator is given by
To calculate renormalization factors of bilinear quark operators to one-loop order, we need only one-and two-gluon vertices with quarks. The vertices originating from the Wilson quark action are given by
and the interaction due to the clover term has the form
Our momentum assignments for the vertices are depicted in Fig. 1 . The two-gluon vertex with quarks from the clover term gives no contribution to diagrams we evaluate, and is hence omitted.
III. QUARK SERF-ENERGY
Let us write the inverse full quark propagator as
Calculating the quark self-energy Σ(p) to one-loop order on the lattice and making an expansion of form
we find
In (30) the coefficients of iγ µ p µ and m are evaluated with m 0 = 0. The infrared divergence that appears in this case is regularized by a gluon mass λ introduced in the gluon propagator as described in Appendix A. Of the finite constants Σ i (i = 0, 1, 2, α), Σ α is independent of the clover coefficient c SW nor does it depend on the improved part of the gluon action. The other constants Σ i (i = 0, 1, 2) depend quadratically on the clover coefficient c SW , and we write
Let us recall that the hopping parameter K is related to the bare quark mass m 0 through
The critical hopping parameter corresponding to massless quark is given by
In the continuum we employ the MS scheme with naive dimensional regularization. The one-loop self-energy in the continuum has the same form as (30) with, however, the replacements,
Let us define the quark wave function renormalization factor needed for converting the lattice field to the continuum field in the MS scheme by
To one-loop order we then find that
The quark mass renormalization factor defined by
is given by
with
It is worth noting that the critical hopping parameter K c and the quark mass renormalization factor Z m do not depend on the gauge parameter α.
IV. BILINEAR OPERATORS
We consider bilinear quark operators in the following form [10] :
Here Γ denotes appropriate γ matrices, and the additional operators in the second and the third term needed for improvement are defined bȳ
At the one-loop order, on-shell matrix elements of O Γ (z) do not have terms of O(a) or O(g 2 a log a) [14] . To remove terms of O(g 2 a), the coefficients of the added operators as well as that of am 0 in (45) have to be corrected by an O(g 2 ) term. For vector and axial vector currents, an addition of a total derivative operator with an O(g 2 ) coefficient is also necessary [11] . Evaluating these coefficients is outside the scope of this article.
We calculate the renormalization factor of O Γ (z) for massless quark. The on-shell vertex functions for the three operators in (45), for a quark and an antiquark with momenta p = p ′ = 0 as external states, take the form,
where λ is the gluon mass, and h 2 (Γ) is an integer given by
for various Dirac channels. The finite constants V i (i = Γ, Γ ⊗ , Γ ′ ) depend quadratically on the clover coefficients c SW , and we write
The constant V α satisfies V α = −Σ α . In the continuum, the on-shell vertex function to one-loop order is given in the MS scheme by
for the anti-commuting and 'tHooft-Veltman definition of γ 5 , with values for the latter in parentheses.
Combining the above results and including self-energy corrections, the relation between the continuum operator in the MS scheme and the lattice operator is given by
and
For evaluating values of renormalization factors, estimating the renormalized coupling constant for a given value of the bare coupling constant often becomes necessary. We collect one-loop results needed for such an estimation for various choices of gluon and quark actions in Appendix B.
V. NUMERICAL RESULTS

A. Calculational procedure
We calculate renormalization factors of bilinear quark operators for massless quark with the Wilson parameter r = 1. Two methods are employed to calculate the finite parts of lattice amplitudes. In the first method Dirac algebra of Feynman integrands are carried out by hand, and the momentum integration is performed by a mode sum for a periodic box of a size L 4 after transforming the momentum variable through p µ = q µ − sin q µ . We employ the size L = 48 for integrals which are infra-red finite, and sizes up to L = 128 for those whose infra-red divergence is regularized by subtraction of the leading singular terms for small loop momenta. In the second method, a Mathematica program is written to perform Dirac algebra. The output is converted into a FORTRAN code, also by Mathematica, and the momentum integration is carried out by the Monte Carlo routine VEGAS, using 10 samples of 50000 points each. The agreement of results from the two methods is used as a check of our calculations. In Appendix A we list explicit forms of integrands, and explain how we regularize infrared divergence.
B. Results for representative gluon actions
At the one-loop level, the choice of the gluon action is specified by the pair of numbers c 1 and c 23 = c 2 + c 3 . As representative cases, we report numerical results for renormalization factors for (i) the tree-level improved action in the Symanzik approach c 1 = −1/12, c 23 = 0 [17, 18] , and (ii) three choices suggested by an approximate renormalization-group analysis, c 1 = −0.331, c 23 = 0 and c 1 = −0.27, c 23 = −0.04 by Iwasaki [16] , and c 1 = −0.252, c 23 = −0.17 by Wilson [19] . We also include results for the standard plaquette action c 1 = 0, c 23 = 0 to facilitate comparison with the cases above, and also as a check of our results with those in literature [1] [2] [3] [8] [9] [10] 20] .
Since one-loop renormalization factors are quadratic polynomials in the clover coefficient c SW , we tabulate results for the coefficients of the polynomial.
In Table I we list the finite constants for quark self-energy for the choices of gluon action described above. The contribution of the tadpole diagram is also listed for Σ 0 and Σ 1 . Errors from numerical integration are at most in the last digit written. Combining values in this table, we find the finite part z m for the quark mass renormalization factor, which is tabulated in Table II .
Results for finite parts for lattice bilinear operators are given in Table III (V Γ ), IV (V Γ ⊗ ) and V (V Γ ′ ). For local operators (z = 0 in (45) and (58)), these values lead to the finite part z Γ listed in Table VI where we adopt the anti-commuting definition for γ 5 .
Looking at numerical values in these tables we observe that the one-loop coefficients are reduced by 10-20% for the tree-level Symanzik action compared to those for the plaquette action. The reduction of magnitude is enhanced to a factor of about two for the renormalization-group improved actions. In this appendix we list explicit forms of one-loop integrands for the quark self-energy and vertex functions. The lattice spacing is set a = 1 for simplicity.
We first consider the quark self-energy. Using the same notation as in text we find
for n =0, 1, 2, where
Here T represents the tadpole integral for the improved action, which is given by
whereĀ µν = δ µν + A µν with A µν as defined in text. The integrand I (n) 0 is expressed as
where we define
Note that no sum is taken over the index µ for ∆ 
where 
These formula illustrate how we regularize infrared divergence. Finally we have
(1)
For quark bilinear operators, we parametrize V Γ , V Γ ⊗ and V Γ ′ as follows:
where h i (Γ)(i = 1, · · · , 4) are given in Table VII . The explicit form of A (n) is given by
The B (n) terms have the form
and the terms C (n) are written as
1 = 0.
APPENDIX B
In this appendix we collect results for the one-loop relation between the MS and the bare coupling constant. This relation has a general form
where d g only depends on the gauge action [21] [22] [23] [24] [25] [26] (see Table VIII ), and d f only depends on the fermion action : d f = 0.0066949 for massless Wilson quark action [23] and d f = 0.0314917 for massless clover quark action with c SW = 1 [27] . Using the average value of plaquette at one-loop,
we may rewrite the relation as [28] 1 g
Numerical values of c p are also collected in Table VIII. TABLES   TABLE I . Finite constants for quark self-energy. Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). Tadpole contributions are also listed. 
Finite part V Γ ⊗ for improved operators. Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). Values for pseudoscalar P are zero. (58)). Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). 
